Dynamic Programming

Those who cannot remember the past
are condemned to repeat it.

-Dynamic Programming




Dynamic Programming

Idea of Dynamic Programming was first used in 1951 by Richard Bellman



Dynamic Programming:

Dynamic programming is both a mathematical optimization method
and an algorithmic paradigm.



Dynamic Programming:

It divides the problem into smaller subproblems in recursive
manner

Stores the infermediate computations into table(Memoization)

In future, Whenever these computations are needed it lookup the
table and fetch the value instead of recomputing it from the
scratch



Dynamic Programming:

When a problem has:
d  Optimal Substructure Property
d  Overlapping Subproblem

1.0ptimal Substructure Property

1. An optimal solution can be constructed from optimal solutions
of its subproblems




Dynamic Programming:

Overlapping Sub-Problem

Overlapping subproblems means that we're recomputing the
same thing more than once




Dynamic Programming

An optimal solution to a problem can be constructed from optimal
solutions to its subproblems

OR

In other words, if you have a complex problem that can be broken down into
smaller subproblems, the best way to solve the overall problem is to find the
best solution for each subproblem and then use those solutions to construct
the optimal solution for the whole problem.

This principle is a key idea behind dynamic programming algorithms



Applications

Finding Binomial Coefficient

Dynamic Programming

0/1 Knapsack Problem

Matrix Chain multiplication

Longest Common Subsequence

All pair Shortest Path: Floyd Warshall Algorithm
Largest Divisible Set




Dynamic Programming

Binomial Co-efficient

A binomial coefficient C(n, k) can be defined as the
coefficient of x* in the expansion of (1 + x)

OR

A binomial coefficient C(n, k) also gives the number of ways,
disregarding order, that k objects can be chosen from among n
objects



http://en.wikipedia.org/wiki/Binomial_coefficient

Finding Binomial Coefficient

Recursive Formulation

Base Case:

C(n,0)=C(n,n)=1

Recursive Case:

C(n, k) = C(n-1, k) + C(n-1, k-1)



Finding Binomial Coefficient

/ﬁ

Subproblem




Flndlng Blnomlal Coefficient




Finding Binomial Coefficient

Algorithm 1 DP approach on Pascal’s recursion.

input : values of n and k

output: the computed binomial coefficient G}

fori < Otondo
fill each row at a time, computing only the values that will be used for
j < 0 to min(i, k) do
if j =0v j =n then
| CI[i, j] « 1
else
| use the recursive relation C[i, j] < C[i — 1,j — 11+ C[i — 1, j]
end
end

end
return C[n, k]




Finding Binomial Coefficient

i 1 K(i-1,3-1)| ¢(i-1, ))

i c(i, J)




Finding Binomial Coefficient

(n)
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Finding Binomial Coefficient

Time Complexity = O(Size of table x Time to fill one slot)
= O(nxn x O(1))

=0(n?%)

Space Complexity = O(Size of table) = O(nZ)



0/1 Knapsack Problem

Maximize z Di * X;
1<isn

n
Subject to Z w;xx; <M
i=1

Where x;€{0,1} and 1<i<n




0/1 Knapsack Problem

In general n objects with their weight and profit are given to us. A knapsack with
capacity M is also available.

o, [ e e e L N [
GO Wy Wy Wi Wy
O L B

Goal :Fill the knapsack with given objects in such a
way so that overall earned profit is maximum.



0/1 Knapsack Problem

Recursive Formulation:

C(i, j) = The maximum profit of the selected items if we can take items 1 to i and size of bag |

Size of Bag




0/1 Knapsack Problem

Recursive Formulation:

C(i, j) = The maximum profit of the selected items if we can take items 1 to i and size of bag |

Base Case :

C(i, j) = 0 if i=0 or j=0



0/1 Knapsack Problem

Recursive Case :

CASE-1: w;> j

Initial i-1 object

C(i) j) = C(i-l, j)



0/1 Knapsack Problem

Recursive Case :
: Weight = w,

CASE-2: w; < j 4
|

|

Initial i-1 object

C(i) j) = C(i-l, j)



0/1 Knapsack Problem

Recursive Cas PrOflt= pl
_ Weight = w,
CASE-2: w; < ] 4
|
|
01 02 03 04 ............... OI 1 O

Initial i-1 object

C(i,j) =C(i-1, j-w; ) + p;



0/1 Knapsack Problem

Recursive Formulation:

C(i, j) = The maximum profit of the selected items if we can take items 1 to i and size of bag j.

C(i,j) =0ifi=0or j=0

Recursive Case : c (i . 1’]._) i [ Wt > _i
c(i—1,j) ifw; =j

c(i—1,j—wy) + p;

C(i, j) = Max Max {



0/1 Knapsack Problem

For the given set of items and knapsack capacity = 5 kg, find the optimal solution for the 0/1 knapsack
problem making use of dynamic programming approach.

ITEM WEIGHT PROFIT

1

2
3
q

2

3
4
5

3

4
5
6



0/1 Knapsack Problem

cli, ) ITEM WEIGHT PROFIT
\ 1 2 3
0

0 1 2 3 4 5
3 4 5
or 1 0 ? 4 5 6
02 o O
0
03
o4 , 0

C(1,1)=C(0,1) aswl=2>j=1
=0



0/1 Knapsack Problem

C(i, j) ITEM WEIGHT PROFIT

1 2 3

3 4 5
or 1 0 4 5 6
o2 2 O
0
03
04 a 0

C(1,2) = max{ (0, 2), C(0,0)+3} aswl=2=j=2
= max{0,0+3}=3



0/1 Knapsack Problem

C(i, j) ITEM WEIGHT PROFIT

1 2 3

3 4 5
or 1 0 4 5 6
o2 2 O
0
03
04 a 0

C(1,3) = max{ C(0,3),C(0,1)+3} aswl=2<j=3
= max{0,0+3}=3



0/1 Knapsack Problem

c(i, j) WEIGHT | PROFIT
1 2 3
\ 0 1 2 3 4 5
2 3 4
0 3 4 5
° 0 3 3 3 3 4 3 6

o1 1
o2 2 O

0
03

o4 , O



0/1 Knapsack Problem

c(i, j) WEIGHT | PROFIT
1 2 3
\ 0 1 2 3 4 5
2 3 4
0 3 4 5
° 0 3 3 3 3 4 > 6

02 2 90 2

O1 1

0
03 3

o4 , O

C(2,1)= C(1,1) asw2=3>j=1
=0



c(i, j) WEIGHT | PROFIT
1 2 3
\ 0 1 2 3 4 5
2 3 4
0 3 4 5
° 0 3 3 3 3 4 > 6

01 1

2 2 2 0 ?
0

03 3

o4 , O

C2,2)=C(1,2) asw2=3>j=2
=3



0/1 Knapsack Problem

C(i, j) ITEM WEIGHT PROFIT

1 2 3

3 4 5
4 5 6

or 1 0

o2 2 % 0 3 ?
0

03

o4 , 0

C(2, 3) = max{C(1, 3), C(1,0)+4 asw2=3=j=3
= max{3,0+4}=4



0/1 Knapsack Problem

c(i, j) WEIGHT | PROFIT
1 2 3
\ 0 1 2 3 4 5
0
3 4 5
oo 122 0 3 3 3 3 4 5 6

2 2 ° 0 3 4 4

0
03 3

04 4 0

C(2, 4) = max{C(1,4),C(1,1)+4 asw2=3>j=4
= max{3,0+4}=4



0/1 Knapsack Problem

C(i, j) ITEM WEIGHT PROFIT

1 2 3

3 4 5
4 5 6

or 1 0

022°0344?
0

03

o4 , O

C(2, 5) = max{C(1,4), C(1,2)+4 asw2=3>j=4
= max{3,3+4}=7



0/1 Knapsack Problem

c(i, j) WEIGHT | PROFIT
1 2 3
\ 0 1 2 3 4 5
0
3 4 5
or 1 2 0 3 3 3 3 4 5 6

2 2 2 0 3 4 4 7

03 0

o4 , O



0/1 Knapsack Problem

.
1 2 3
3 4 5

or 1 2 0 4 5 6

o2 2 % 0 3 4 4 7

s , © 0 0 3 5 7

o4 4, ° 0 0 3 5 7



0/1 Knapsack Problem

.
1 2 3
3 4 5

or 1 9 0 4 5 6

o2 2 %2 0 3 4 4 7

2 , © 0 0 3 5 7

o4 4, ° 0 0 3

N

Maximum Profit = 7



0/1 Knapsack Problem

function knapsackDP(weights, values, capacity, n):

1, C = a new table of size (n+1) x (capacity+1)
2. for i from O to n:

3, Clil[0]=0

4. for j from O to capacity:

5. C[O][j]=0

6. for i from 1 to n:

7. for j from 1 to capacity:

8. if weights[i] > w:

9 Clillj] = CLi-1][j]

10. else:

11, ClilLj] = max(CLi-1][j], Cli-1][j - wl+p)
12. return C[n][capacity]



0/1 Knapsack Problem

Time Complexity = O(Size of Table x Time to fill one slot )
=0O(m xnx0(1))

= 0(mn)

m = Number of items
n = Capacity of knapsack



0/1 Knapsack Problem

Trace back to find the item

C(i, 1)

oo 1 2 0

2 2 ° 0 3 4 4 7
o3 5, % 0 0 3 5 7
4 4 2 0 0 3 5




0/1 Knapsack Problem

Trace back to find the item

C(i, )




0/1 Knapsack Problem

Trace back to find the item

C(i, 1)

3 4 4
Equal
TR
5 7

0 3

02 2

3

o o o o

o O O O

04 4,



0/1 Knapsack Problem

Trace back to find the item
1 2 3
C(i, j) 2 3 4
\ 3 4 5
4 5 6

0
oo 1 2 O 3 3 3
- Not Equal
o2 2 9 0 3 4 4
o3 ; % 0 0 3 5 7
o4 4, 9 0 0 3 5 7

02 is selected



0/1 Knapsack Problem

Trace back to find the item
1 2 3
\ 0 1 2 3 4 5 3 4 z
4 5
[
oo 1 2 0 -3 3 3
2 2 ° 0 3 4 4 7
o3 , %2 0 0 3 5 7
04 4 9 0 0 3 5 7



0/1 Knapsack Problem

Trace back to find the item
1 2 3
\ 0 1 2 3 4 5 3 4 :
4 5
N

oo 1 2 0 -3 3 3

o2 2 9 0 3 4 4 7 Not Equal

o3 5, % 0 0 3 5 7

4 4 2 0 0 3 5 7

O1 is selected



0/1 Knapsack Problem

Trace back to find the item

LR
C(i, J) ___
3 4 5
4 5 6
°------

oo 1 2 0 3

o2 2 9 0 3 4 4 7

% 3 ° 0 0 3 5 7 0, and O, is selected

4 4 2 0 0 3 5 7



0/1 Knapsack Problem

Trace back to find the item

Starting from the bottom-right corner of the table (i.e., C[n][W]), follow
these steps:

1. If C[i][w] != C[i-1][w], it means that item i was selected. Add item i to
the list of selected items.

2. Move to the cell C[i-1][w - weight[i]] and repeat the process for the
remaining capacity and items.

3. Continue this process until you reach the top-left corner of the table
(i.e., C[O][OD).



Let us consider that the capacity of the knapsack is W = 8 and the items are as
shown in the following table.

Item A B C D
Profit 2 4 7 10
Weight 1 3 5 7



%)
e
£
)
m.o ©
=
>
c o i <t < <
<
T
M‘
o i i i i

S)1J01d pue
mEm_m>> UM SWay|



Matrix Chain Multiplication

Basics:
Matrix A Matrix B
m X n n X p
\

)
Y
For Multiplication




Matrix Chain Multiplication

Basics:
Matrix A Matrix B
m X n n X p
. \ x ) :
Y -
. v v
Matrix AXxB m X P



Matrix Chain Multiplication

Basics:
Matrix A Matrix B Matrix C
m X n n X p P X q
\ ) \ )

——

Il

Matrix ABC



Matrix Chain Multiplication

Basics:
Matrix A Matrix B Matrix C
m X n n X p P X ¢
- \ ) :
* -
. v v
Matrix ABC m X q



Matrix Chain Multiplication

Basics:
Matrix A Matrix B
m X n n x p
. \ x ) :
Y E
, v v
Matrix AXxB m X P

Number of multiplication operation: mnp




Matrix Chain Multiplication

Let us consider 3 matrices

A =3 X2
A, =2 X5
A; =5%X4

Goalz We want to compute A; A, A3 using MIiNiMUM number of

multiplication




Matrix Chain Multiplication

A =3X%x2 A, =2X5 A; =5x%x4
Aq Ay A3
((41 Az )A3) (A1 (A3 A3))
Bracket at index-2 Bracket at index-1

Number of ways to multiply the matrices = Number of ways to put brackets

NOTE:No bracket at index 3(last index)




Matrix Chain Multiplication

A;=3%x2 A, =2%Xx5 A3=5%x4 AA,=3x5 A,A,=2x4

Aq A, A3 Aq AZ\ /A3
\ 40 3x2x5 A A NMO = 2x5x4
A1 Ay =30 / =40
((A1 A3 )A3) NMO_?((,SM (A1 (A3 A3)) nmo- 3;’;2"4
Total No. of Multiplication operation = 30 + 60 Total No. of Multiplication operation =40 + 24

=90 = 64



Matrix Chain Multiplication

In general

Given:
A set of n matrices A;, A,, A,,......., A, with
their size array [po.P1.P2.P3.-ceere s Ppl

Goal: we want to compute 4; A, A;....... A, using

Minimum number of multiplication operation



Matrix Chain Multiplication

Recursive Formulation:

m[i, j] = minimum number of multiplication operation to compute

AA g A

m[1, n] = minimum number of multiplication operation to compute
AAg. A, (SOLUTION)

m[2, 4] = minimum number of multiplication operation to
compute A,AzA,



Matrix Chain Multiplication

Recursive Formulation:

Base Case:

If | =j then we have single matrix

m[i, j]=0

m[1, 1] =m[2, 2] = m(3, 3] =0



Matrix Chain Multiplication

Recursive Case:

Let's put the bracket at k™ index Ai = Pi-1 X Pi
A = Pik-1 X Pk
i<k<j o Ap11 = Pk X Pr+1
m[": Jl Aj = pj_1 X Dj
(A, AN AiApezernA)
e : mmmmmmmmmmmd Mmoo \,.___________..'
mfi, k] m[k+1, j]
Size= Pi_1 X Pk Size= pp X p;

NMO= p;_1 X Pr X D;j



Matrix Chain Multiplication

Recursive Formulation:

Recursive Case:

mli, i]=l?;1kigj{m[i, k| + mlk + 1,j]| + pi_1PkP;



Matrix Chain Multiplication

Recursive Formulation:

~|o yi=j
m[L,j] = \min{m[i, k] + m[k + 1,j] + Pi-1PkDj

i<k<j



Matrix Chain Multiplication

Matrices: A;, A, A3, Ay

A, A4
A A

( \ f \
Dimension of Matrices: py=5, p;=4, p,=6, p3=2, p4=7
\ ) \ )

Y
A, A



Matrix Chain Multiplication
1 2 3 4 S 1 2 3 4

m Po=5
p;=4

1 1 p,=6
p3=2

> 5 P4=7

3 3




Matrix Chain Multiplication
1 2 3 4 S 1 2 3 4

0 0 pi=4
1 1 p,=6

2 2

3 3

4 4

Diagonal Entries are O's due to base case (i=])



0

?

0

m[1,2] = min( m[1,1] + m[2,2] + P,.P,.P,)
=min(0+0+54.6=120)

= min(120)
= 120

1

2

3

4

Matrix Chain Multiplication
1 2 3 4 S 1 2 3 4

0

?

0

k=1



0

120

0

1

2

3

4

=min(0+0+46.2=48)

= min(48)
= 48

Matrix Chain Multiplication
1 2 3 4 S 1 2 3 4

0

1

0

m[2,3] = min( m[2,2] + m[3,3] + P,.P,.P)

k=2



0

120

0

48

0

= min(84)
= 84

1

2

3

4

Matrix Chain Multiplication
1 2 3 4 S 1 2 3 4

0

1

0

m[3,4] = min( m[3,3]+ m[4,4]+P,P;P,) k=1
=min(0+0+6.2.7=84)



" (120] ?
" | 48
0
84
0
ml1.3] = min m[1,1] + m[2,3] + pyp1P3
‘ m[1,2] + m[3,3] + pop,P;
. 0+ 48 + 5.4.2
m[1,3] = min {120 +0+56.2

88

=48+ 40 = 88
=120+ 60 = 180

1

2

Matrix Chain Multiplication
1 2 3 4 S 1 2 3 4

S Y T
2
0

k=1



= 104

0
120( 88
0
48 | ?
0
384

0
. |m[2,2] + m[3,4] + p1p2p4 k=2
m|(2,4] = min {m[2,3] +m[4,4] + p1p3p4t k=3

m[24] = min] 0+84+467 =84+168 =252
’ 48+ 04427 =48+56 =104

1

2

Matrix Chain Multiplication
1 2 3 4 S 1 2 3 4

11| 1
2
k=3



| ° |120| 88 | ?
z " | 48
3 " | 84

m[1,1] + m[2,4] + pOplp4d k=1
m[1,4] = min<{m[1,2] + m[3,4] + pOp2p4 Kk =2
m[1,3] + m[4,4] + pOp3p4 k =3

0+104+54.7 =104+ 140 = 244
m[1,4] = min{120 + 84 +5.6.7 =120+ 84 + 210 =414
88+0+527 =88+70=158

=158

Matrix Chain Mu

ltiplication
1 2 3 4

1

°J

1
Tl 2

W W

k=3



0

120| 88 [158
" | 48 (104
" | 84

1

2

3

4

Matrix Chain Multiplication
1 2 3 4 S 1 2 3 4

0

1

0

1
2

oclW|W | W

Minimum number of multiplication operation to compute A;A,A3A, = 158




Matrix Chain Multiplication

Time Complexity = O(Size of matrix x Cost to fill one slot)
= 0(n.n.O(n))

= O(n3)

Space Complexity = O(Size of matrix)
= 0O(n.n)

- 0(n?)



Matrix Chain Multiplication

MATRIX-CHAIN-ORDER (p)
-1

Il n < length|p]
2 fori < lton

3 do mli, 7]
4 forl «<2ton
5
6 do
.
8
9
10
11
12

13 return m and s

— 0
> [ is the chain length.

dofori < lton—1-+1

Jie=i 4= l—]
mli, j] < o0
fork «<itoj—1
do g < mli, k]l +ml[k + 1, j1+ pi—1pep;
ifg < mli, j]
then m[i, j] < ¢
sli, j] < k



Matrix Chain Multiplication

How to get order of optimal multiplication table ?

AMLL S1 ’ 21 ; ;
3 0

(Aq A, As3) Ay 2 2 |3

3 0 3

(Aq (A, A3)) Ay { i

The final order = ((A1 (A, A3)) Ay)



Matrix Chain Multiplication

How to get order of optimal multiplication table ?

function constructOrder(s, i, j):
ifi== J:
return "A" + i
k = s[illj]
leftOrder = constructOrder(s, i, k)
rightOrder = constructOrder(s, k + 1, j)
return "(" + leftOrder + " x " + rightOrder + ")"

A U o e



Longest Common Subsequence

Basics:
Subsequence: A subsequence Y of a sequence X can be obtained by dropping 0 or

more elements from sequence X

X=<A,B,B,AC

¢
X=<AB,2AC Y=<A,B,A C

Y is a subsequence of sequence X



Longest Common Subsequence




Longest Common Subsequence

Basics:

How many subsequences of a sequence having n
symbols are possible?

Ans:2n




Longest Common Subsequence

Basics:

Common SUbSeqUence: A sequence Z is a common subsequence of

sequences X and Y if Z is a subsequence of both X and Y

X=<A,E,CFDEF> Y=<B,A,CG,D,G,B,F>
X Ax CxDxF
=< E) )ﬁ) )E) >
4 'y \Z=<A,C,D'F>

X X XX /
Y=<,A,C ,D, %, F



Longest Common Subsequence

Basics.

LOngeSt Common SUbSequence(LCS): A common subsequence Z

of sequence X and Y whose length is longest

X=<A,E,CFD,EF> Y=<B,A(G,D,G,B, >
X Ax CxDxF
=< )E) "d, )E) >
N \x=<A,C,D,F>

X X XX /
Y=<,A,C,,D,G, 5 F




Longest Common Subsequence

Problem Statement:

Given:
Two sequences X and Y are given to us
X= <X, Xo, X30ecriiiinanien, X
Y= <Y1, Yo, Y3seereeniennnen, Y2
Goal:

Find the LCS of X and Y



Longest Common Subsequence

Recursive Formulation.

LCS(i, j) = Length of LCS of sequences

<YII Yz, Y3,, yJ>

Goal:
Find the LCS of X and Y



Longest Common Subsequence

Base Case.

LCS(0, j) = O

LCS(i, 0) = O

LCS(i, j) = O if i=0 or j=O




Longest Common Subsequence

Recursive Case.

Case-1: X ;= y i

'11

[ 1
<X1, X2, X3 eeeerrereiinannnn, Xig, Xi>

<\y1, y2' y3,..................., yj'l]-' YJ>

111

LCS(i, j) = LCS(i-1, j-1) + 1



Longest Common Subsequence

Recursive Case.

Case-2: Xi Z YJ
[ 1 |
(Xl, XZ, X3,.................., Xi-ll xl>

<\y1, yz, y3,..................., yj'll' YJ>

111




Longest Common Subsequence

Recursive Case.

Case-2.1:
| A
, \
(Xl, XZ, X3,.................., Xi-ll XI>
<\y1, y2' y3,..................., yj'l]-' YJ>
1

LCS(i, j) = LCS(, j-1)



Longest Common Subsequence

Recursive Case.

Case-2.2:
[ i1 |
(Xl, XZ, X3,.................., Xi-ll xl>
<\y1, y2' y3,..................., y‘.l'].l y}>
[ Y

Lcs(i, j) = LCS(i-1, j)



Longest Common Subsequence

Recursive Case.

Case-2: X i Z YJ

<XI, XZ, X3,.................., Xi-ll xl>
<y1, yz, Y3,..................., YJ-].' YJ>




Longest Common Subsequence

Recursive Formulation:

0 ifi=0o0rj=0

LCS(i—1,j— 1)+ 1 if x; = y;
LCS(i,j—1) ifx; # y;
LCS(i—1,))

LCS(i,j) =

max




Longest Common Subsequence

i-1 C',‘\"

m i LCS(i, j)




Longest Common Subsequence

LCS(, j) = Les(i-1, j-1) + 1



Longest Common Subsequence

i-1 (,‘7&\’




Longest Common Subsequence




Longest Common Subsequence

Let us consider the following 2 strings:
X = cbda
Y = abdca




Longest Common Subsequence

LCS(1,0) =0
LCS(0,1) =0

LCS(1,1) = max{

=0




Longest Common Subsequence

LCS(1,0) =0
LCS(0,1) =0

LCS(1,1) = max{

=0




Longest Common Subsequence

LCS(1,1) =0
LCS(0,2) =0

LCS(1,2) = max{

=0




Longest Common Subsequence

LCS(1,1) =0
LCS(0,2) =0

LCS(1,2) = max{

=0




Longest Common Subsequence

LCS(1,2) =0
LCS(0,3) =0

LCS(1,3) = max{

=0




Longest Common Subsequence

LCS(1,4) = LCS(0,3) + 1
—0+1=1




Longest Common Subsequence

LCS(1,4) = LCS(0,3) + 1
—0+1=1




Longest Common Subsequence

LCS(1,4) =1
LCS(0,5) = 0

LCS(1,5) = max{

= |




Longest Common Subsequence

LCS(1,4) =1
LCS(0,5) = 0

LCS(1,5) = max{

= |




Longest Common Subsequence

b 2 | 0% |1 1 1 4

~
43 |0 04 (1 ¢ ]2 2
a4 |0 1 1 4




Longest Common Subsequence

Time Complexity = O(Size of Table x Time to fill one slot)
= O((m+1)(n+1)x O(1))

= O(mn)

= O(n?) ifm=n

Space Complexity = O(Size of Table )
= O(mn) = O(n?) if m=n



Longest Common Subsequence

LCS-LENGTH(X,Y)

1 m = X.length

2 n = Y.length

3 leth[l..m,1..n]andc[0..m,0..n] be new tables
4 fori =1tom

5 cli,0] =0

6 forj =0ton

7 ¢l0.f] =0

8 fori =1tom

9 forj =1ton

10 ifx,- ==

11 cli,jl=cli—-1,j—1]+1
12 bli, j] = *“N\”

13 elseif c[i — 1, j] > c[i, j — 1]

14 cli,j] = cli — 1, j]

15 bli, j] = “4”

16 else c[i, j] = c[i,j — 1]

17 bli, j] = “<«”

18 returnc and b



Longest Common Subsequence

How to get any one of the LCS from Table ?



Longest Common Subsequence

& a b d C a
0 1 2 3 4 5
o lo 0 0 0 0 0
c1|©
b2 |0 LCS
ad
d 3|0

a4 |0




Longest Common Subsequence

b

d

d

2

3

4

0101011\1
0t |1 |2 |1 4]t
04 |1 2

LCS



Longest Common Subsequence




Longest Common Subsequence

b 2

d 3

a 4

LCS
b d a



Longest Common Subsequence

b 2

d 3

a 4

LCS
b d a



Longest Common Subsequence

b 2

d 3

a 4

LCS
b d a



Longest Common Subsequence

How to get any one of the LCS from Table ?

PrRinNT-LCS(b, X1, 7)
1 if 2 =0 or j =0 then
2 return
3 if b1, 7] = “N” then
4 PRINT-LCS(b, X,i — 1,7 — 1)
print x;
else if bli, j| = “1” then
PRINT-LCS(b, X,i —1,79)
else
PrRINT-LCS(b, X,i,7 — 1)

) L

o oo =1



Longest Common Subsequence

How to get any one of the LCS from Table ?

Time Complexity = O(Length of LCS)
= O(L)



All Pair Shortest Path Problem

Given:
A weighted directed graph

Goal:

Compute the cost of shortest path b/w all pair of vertices




Source Destination Shortest Cost(SP)

Path(SP)

1

2

3

4

1

2

3

4
3 1 ? ?
3 2 ? ?
3 3 ? ?
3 4 ? ?
4 1 ? ?
4 2 ? ?
4 3 ? ?
4 4 ? ?




Floyd-Warshall’s Algorithm(1962)




Floyd-Warshall’s Algorithm

Intermediate Vertices



Floyd-Warshall’s Algorithm

Recursive Formulation:

Vertices are numbered as{1,2,3,4,.....cc.............,n}

di‘j = Cost of shortest path b/w 1 and j where the set
of intermediate verticesis {1,2,3, ....., k}




Floyd-Warshall’s Algorithm

d;. = Cost of shortest path b/w 4 and 6 where the set
of intermediate verticesis {1,2,3}




Floyd-Warshall’s Algorithm

Base Case:




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm

Recursive Case: K is the intermediate vertex

k k-1, k-1
dijj -dj " +dy;




Floyd-Warshall’s Algorithm

Recursive Case: K is the NOT an intermediate vertex
k k—1
o -9

o

SIV={12,3, ... k-1}



Floyd-Warshall’s Algorithm

Recursive Formulation:

Wij k=0

dk d’_‘_—l If k is NOT an intermediate vertex

N, = ] i

Y min J
ik kj If k is an intermediate vertex



Floyd-Warshall’s Algorithm

FLOYD-WARSHALL(W, )

1 DY =W

2 fork = lton

3 let D) = (d{k}} be a new n x n matrix

4 fori = lton

5 for = 1 ton

f ffiif:::} = min {d{k L dm 1) ::fﬂ_”}
7 return D"



Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm




Floyd-Warshall’s Algorithm

g

2

4




Floyd-Warshall’s Algorithm

FLOYD-WARSHALL(W, )

1 DY =W

2 fork = lton

3 let D) = (d{k}} be a new n x n matrix

4 fori = lton

5 for = 1 ton

f ffiif:::} = min {d{k L dm 1) ::fﬂ_”}
7 return D"



Floyd-Warshall’s Algorithm

Time Complexity = on3)

Space Complexity = O(nz)



