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Divide Partition the input into two
or more pieces, often of ap-
proximately equal size.

Input

Divide

Conquer Recursively solve the prob-

| |
Y ¥\
lem on the pieces produced T T T Solve recursively
_E /_

in the divide step.

Combine Combine the solutions ob- T
tained on the pieces to ob- | Solution ]
tain a solution to the prob-
lem on the whole input.

Combine

Often, either the divide or the combine step is trivial.

Examples:
Merge Sort: All the work is done in the combine step.

Quicksort: All the work is done in the divide step.



Divide-and-Conquer: Applications

* Merge Sort

* Quick Sort



Merge Sort Approach

* Tosortanarray A[p .. r]:

* Divide
* Divide the n-element sequence to be sorted into two
subsequences of n/2 elements each

* Conquer
* Sort the subsequences recursively using merge sort

* When the size of the sequences is 1 there is nothing more
to do
* Combine

* Merge the two sorted subsequences
6



Merge Sort

Alg.: MERGE-SORT(A, p, )
ifp<r
thenq — | (p + r)/2]
MERGE-SORT(A, p, q)
MERGE-SORT(A,q +1,r)

MERGE(A, p, q, 1)

e Initial call: MERGE-SORT(A, 1, n)

7

D> Check for base case
D Divide

Conqué}
DConquer

DCombMe




Example —n Power of 2

11111111

Divide
/\

NN

N




Example —n Power of 2

11111111

Conquer
and T~
Merge 1 2 3 4 5 6 7 8
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Example —n Not a Power of 2

1 2 3 4 5 6 7 8 9 10 11

. q=6
Divide ——
1 2 3 4 5 6 7 8 9 10 11
q=3 q=9
/\ /\
1 2 3 4 5 6 7 8 9 10 11
1 2 3 4 5 6 7 8 9 10 11
/N /N /N
1 2 4 5 7 8
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Example —n Not a Power of 2

1 2 3 4 5 6 7 8 9 10 11

Conquer

and /\

Merge 1 2 3 4 5 6 7 8 9 10 11

11



Merging

* Input: Array A and indices p, q, rsuchthat p <

qe<r
* Subarrays A[p..qland A[q+1..r]are sorted

* Output: One single sorted subarray A[p . . r]

12



Merging

* |[dea for merging: W 2 3 ay s & 1 8§

e Two piles of sorted cards
* Choose the smaller of the two top cards

 Remove it and place it in the output pile
* Repeat the process until one pile is empty
* Take the remaining input pile and place it face-down onto
the output pile

Al< Alp, q] choose the smaller

element from the subarrays Alp, 1]

A2& Alg+l, 1] — ‘ ‘




Example: MERGE(A, 9, 12, 16)

P q 7
8 0 10 11 12 13 14 15 16 17
A 2|2
k
| 2 3 4 5 | 3 4 5
L2145 7 (e R{1[|2]3]6]c
{ J

8§ 9 10 11 12 13 14 15 16 17
A |1 X2

[~
-

3 4 35

3 45 | 2
L{2Tal5]7 e RMQB@m

i J



Example: MERGE(A, 9, 12, 16)

8 9 10 11 12 13 14 15 16 17
A L Ti12]4
k
] 2 4 3 I 2 3 4 5
L|/2’|4~37m R|/1/|23ﬁm
I J
8 9 10 11 12 132 14 15 16 17
A . J1]2]2

[~
el [ S

A
~]
8

<
-
8



Example (cont.)

8 9 10 11 12 13 14 15 16 17
A 1121273
k
1 2 3 4 5 | 2 3 4 3
L T4]s5]7]=] R[] Te]-
i J
8 9 10 11 12 13 14 15 16 17
A 1212134
k
1 2 3 4 5 | 2 3 4 5
LI AA[71]=] r A Te]-
i J
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Example (cont.)

s 9 10 11 12 13 14 15 16 17
A 22345717 -
k
1 2 3 4 35 | 2 3 4 3
LI AN T71]=] R ) T6]-
I J
8 9 10 11 12 13 14 15 16 17
A 1 [2]2]3]4]5]6 ]
k
1 2 3 4 5 | 2 3 4 3
I J
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Example (cont.)

s Y9 10 11 12 13 14 15 16 17
A {2123 145]6]|7
k
1 2 3 4 5 | 2 3 4 5
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Merge - Pseudocode )
ﬂlg MERGE(A, P, q, r) ¥y 2 3 4y 5

1. Compute h; and n,

2. Copy the first ny elements into ) :1 B
L[1..n;+1]and the next h, elementsintoR[1..n, + 1]
1. L[nj+1] <« oo; R[N, +1] ¢ i

2. i1 j<1 .

3. fork< ptor i —

doif L[ i J<R[j]
then A[k] — L[ i]
| «—i+1
else A[k] — R[j ]
J=J+1 19
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Analysis of Merge Sort

Statement Effort
MergeSort (A, P, r) { T (n)
if (p < r) { O (1)
q = floor(( p + xr) / 2); O (1)
MergeSort (A, p, 9); T(n/2)
MergeSort (A, g+l, r); T(n/2)
Merge (A, p, 4, x); ® (n)
}
}
* SoT(n) = O(1) whenn =1, and

2T(n/2) + O(n) whenn>1

20



Analysis of Merge Sort

T(n)

(///////////“\\\\\\\\\\\‘

T(n/2) T(n/2)

/\

T(n/4) T(n/4) T(n/4)

T2)  T(2) T2) T@2) T2 T()

TN

T(n/4)

T(2)

T(2)

log,n

2(n/2)
4(n/4)
2%(n /2%

n/2(2)

nlog,n
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Analysis of Merge Sort

* Running time insensitive of the input

* Advantages:
e Guaranteed to runin

* Disadvantage
* Requires extra space =N



Quick sort
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Quick sort

A[E..\.q] < Alg+l..r]

e Sort an array A[p...r]

* Divide
* Partition the array A into 2 subarrays A[p..q] and A[g+1..r], such that each element of
A[p..q]is smaller than or equal to each element in A[q+1..r]

* Need to find index g to nartition the arrav

Alp..r]

Alp..q] <= A[q+l..r]

24



Quick Sort:

13

partition

|

%1 31 57 75

43 26

92 635
select pivot
¥
_ﬂfﬂ'ﬂ_ﬂ_ﬂ_ﬂ_— _‘_\\\_\
2 “ 31 57 75 0
- 26
92
_.—'—"'_'-'_FH-
. -

25



Example of Quick Sort...

quicksort small quicksort large
|
N I

@31 43 57 65?SD




Quicksort

A[E..\.q] < Alg+l..r]

* Conquer
* Recursively sort A[p..q-1]and A[g+1..r] using Quicksort

* Combine
 Trivial: the arrays are sorted in place
* No additional work is required to combine them

* The entire array is now sorted

27



QUICKSORT

Initially: p=0, r=n-1

Alg.: QUICKSORT(A, p, r)
ifp<r
then g < PARTITION(A, p, )
QUICKSORT (A, p, g-1)

QUICKSORT (A, g+1, r)

28



Partitioning Strategy

* For now, assume that pivot = A[right].

* We want to partition array Afleft .. right].

e Letistart at the first element and j start at the next-to-last
element (i = left, j = right — 1)

5 7 4 3 12 _ 2 5 7 4 3 12 6

pivot | J

29



Partitioning Strategy

* Want to have
* A[k] < pivot, fork <i
* A[k] > pivot, for k > j
* Wheni<j i J
 Move iright, skipping over elements smaller than the pivot
* Move | left, skipping over elements greater than the pivot
 When both i and j have stopped
* Ali] and A[j] should now be swapped

15117 15312 Lo 5 7 %15 5 12 '8
| | | |

i J I j30



Partitioning Strategy (2)

* When i and j have stopped and i is to the left of j (thus legal)
e Swap A[i] and A[j]

* The large element is pushed to the right and the small element is
pushed to the left

* After swapping
* AJi] < pivot
e A[j] = pivot
* Repeat the process until i and j cross

swap

5110 0 52 e R 5. s 0 2
I I | |

i j | J s




Partitioning Strategy (3)

5 '3 4 1[19 7 12 6

* When i and j have crossed

* swap A[i] and pivot 1 1
| J

S5 3

1
i

swap A[i] and pivot

5 '3 4 6 712

I

j | 32

Break!






Partitioning the Array

Alg. PARTITION (A, p, r)
1. pivot« A[r] p

i< p A:

jer-l
while i<j
while j>p andA[j] > pivot
J<j-1
While i<r and A[i] <= pivot
i«—i+l
if i < |
6. then exchange A[i] <> A[}]
7. if Afi]>pivot
Alil < A[r]
Return i

A S

34



Worst-Case Partitioning

The worst-case behavior for quicksort occurs when the
partitioning routine produces one region with n-1 elements
and one with only 1 element. Let us assume that this
unbalanced partitioning arises at every step of the algorithm.
Since partitioning costs @(n) timeand T(1)=06O(1l) ,the
recurrence for the running time is:

TN)=T(h-1)+Om)

T(1)=06(1)

35



Example: Worst-Case Partitioning

L -
1 n-1 g
T T
1 - 5 "
T T
n 1 n-3 o
2 ,,,,,,,,,,,,,,,,, > 3
v /\
1 1-—»2
®(n?)
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Best-case Partitioning

If the partitioning procedure produces two regions of size n/2,
quicksort runs much faster. The recurrence is then:

T(N)=2T(N/2)+Om)

T(n)=Omlgn)
n >N
7 — >N
A /\

n/8 n/8 n/8 n/8 n/8 n/8 n/8 n/g —»n

1111111111 1 1 1 1 1 1 1 1 w»n
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Thank You

38



