Divide Conquer and Combine Algorithm
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Matrix Multiplication

b c j k| (aj+ bm+cp) (ak+bn+cq) (al+bo+cr)

e f m n o| = | (dj+em+fp) (dk+en+fq) (dl+eo+fr)
i p q r (gj+ hm+ip) (gk+hn+ig) (gl+ho+ir)

P 10 11

1 g g:| x |20 21

| 30 31

1x10 + 2x20 + 3x30 1x11 + 2x21 + 3x31
4x10 + 5x20 + 6x30 4x11 + 5x21 + 6x31

10+40+90 11+42+93 — (140 146
40+100+180 44+105+186 320 335



Matrix Multiplication

SQUARE-MATRIX-MULTIPLY (A, B)

n = A.rows _ 3
let C be a new n X n matrix Cost = O(n%)

1

2

3 fori =1ton

4 for j = 1ton

5 CU = 0

6 fork = 1ton

7 Cij = Cij + aik - bx;
8 return C



Matrix Multiplication

Matrix multiplication. Given two n-by-n matrices 4 and B, compute C = 4B.
Grade-school. ©(n®) arithmetic operations. ——

Q. Can we perform matrix multiplication more effeciantly
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Consider A4 = 3822 and B = 3478 LI use
5 1 4 9 9 1 4 5§
£§ 2 5 0O A S

MATRIX-MULTIPLY-RECURSIVE(MME) alzo to multiply 4 and B.

o
Since n > 1, we break A, B into eight - matrices:

1 2 1 2 5 1 4 9
Ay = . Ag = , Agp = . Ass =
R T S TP R S TP G
1 2 5 6 9 1 4 &
By = , Bz = . By = , By =
a={y a)me= {0 D) oma= (5 L) m= (] 1)

Now WMME.{(A11, B11, Ci1, 2) produces eight matrices which are integers. I'll use red indices to

distinguish these matrices from the forgoing ones:

Ay =1, 419 =2, Ay = 3, Age = ¥
EhW=15E:=281 =3, 5 =4

Applying the matriz-multiplication procedure on the integers above, we have

Cjy=1-14+2-3=7

Cio=1-24+2-4=10
{op=a3-1+8-3=24
{og=a-24+8-4=23%¥%



13 7T
which give us &1 = MMBE({A12, By, 11, 2) = ( - )

Applying the matriz multiplication rule again, the sum

MMR(&H,B“,G“,Z]—F MMRT:AE,Bm,G“,Z:I
T 10 13 7
=(24 33)+(22 s)
_ 2017
B ( 48 45)

217 = =
R : . 468 46 = =z _—
fills in the first quarter of the resultant matriz 4 - B = £ = . We fill in the
S S
S S

rest of & in a similar manner.



MATRIX-MULTIPLY-RECURSIVE(A, B, C, n)

if n==1

// Base case.
c 1l1=c 11+a 11-b_11

return
// Divide.

partition A, B, and C into n/2 X n/2 submatrices A_11,
A 12, A 21, A 22;:B 11, B 12,B 21, B 22;
and C_11,C_12,C_21,C_22; respectively

// Conquer.

MATRIX-MULTIPLY-RECURSIVE(A_11,B
MATRIX-MULTIPLY-RECURSIVE(A_11,B_
MATRIX-MULTIPLY-RECURSIVE(A_21, B
MATRIX-MULTIPLY-RECURSIVE(A_21, B
MATRIX-MULTIPLY-RECURSIVE(A_12, B
MATRIX-MULTIPLY-RECURSIVE(A_12, B
MATRIX-MULTIPLY-RECURSIVE(A_22, B
MATRIX-MULTIPLY-RECURSIVE(A_22, B

,C_11,n/2)
12, n/2)
21,n/2)
22,n/2)
11, n/2)
12, n/2)
21,n/2)
22,n/2)

11

12, C_
11,C_
12, C_
21, C_
22,C
21,C
22,C

! —_—



Block Matrix Multiplication

0 1 16 17 2 3 24 25 152 158
C = A,xB), + A,xB, = X + X = J
" 4 5 20 21 6 7 28 29 504 526



Matrix Multiplication: Warmup

To multiply two n-by-n matrices 4 and B:
. Divide: partition 4 and B into $n-by-3n blocks.
. Conquer: multiply 8 pairs of 3n-by-3n matrices, recursively.
. Combine: add appropriate products using 4 matrix additions.

C, = (An = Bu) + (A12 = le)
C, = (A11 X BIZ) + (Al?. 2 Bzz)
C, = (A21 X Bn) + (Azz X B21)
C, = (AZI X Blz) + (Azz X Bzz)

LCII CIZJ _ LAI AIZJ v LBll BIZJ
C21 C22 - AZl A22 BZI BZZ

T(n)= 8T(n/2) + O(n”) > T(n)=0(n")

'
recursive calls add, form submatrices
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Divide Conquer and Combine Algorithm

Strassen Matrix multiplication. Fast way to multiply
2 matrices



Fast Matrix Multiplication

Key idea. multiply 2-by-2 blocks with only 7 multiplications.

. 7 multiplications.
. 18 =8+ 10 additions and subtractions.
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Fast Matrix Multiplication

To multiply two n-by-n matrices 4 and B: [Strassen 1969]
. Divide: partition 4 and B into $n-by-3n blocks.
. Compute: 14 3n-by-3n matrices via 10 matrix additions.
. Conquer: multiply 7 pairs of zn-by-3n matrices, recursively.
. Combine: 7 products into 4 ferms using 8 matrix additions.

Analysis.

. Assume n is a power of 2.
. T(n) = # arithmetic operations.

T(n)= 7T(n/2)+ ©O@®*) = T(n)=6@"*>")=0n>")

recursive calls add, subtract
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