Department of Mathematics
School of Computer Science Engineering and Technology
Bennett University

Course Code: EMAT102L Course Name: Linear Algebra & ODEs
Academic Year: 2023-24 Semester: Even
Date: 14/04/2024 Type: Core (L-T-P: 3-1-0)
Co1 CO2 CO3 CO4 CO5

Q1 v

Q2 v

Q3 v

Q4 v

Q5 v

Tutorial Sheet 10 Solution

1) Consider the linear differential equation

d*y dy

2

ré—= —dr— + 6y = 0.

dz? dx +oy

a ow that 2° and |x°| are two linearly independent solutions of the differential equation on
Show that x2 and |23 two linearly independent soluti f the differential ti
x € (—o0, 00).
Solution: Suppose c1,c2 € R and

Clyl(x) + 023/2@) = 07 Vze (—OO, OO),

then
c12® 4 colz®| = 0, Ve (—o0,00).
Now take z = 1, we get
c1+co=0.
For x = —1, we get
—c1 4+ co =0.

Solving these two we get, c; = co = 0. Hence 23 and |23| are two linearly independent.

(b) 23 and |x3| are two linearly independent solutions of the differential equation but W (=3, |23|) =
0, Vx € R. Does it violate any result? Explain.
Solution: We know that

W (y1,y2)(x) = det (y1(x)ys(2) — y1(2)y2(x)) -
Thus, s s -
ity = {20 72
= W(z3,|2%) =0, Vz € R.
Note that ag(z) = 22 is zero at * = 0. The theorem stating that wronskian of linearly
independent solutions is non-zero, is not applicable here.



(c) #? and 2 are also two linearly independent solutions of the differential equation. Can we
write general solution of the differential equation in terms of these solutions?
Solution: No. None of the linear combinations c12® + ca|2?| or C12? + Ca2? is a general
solution of the given DE in the interval (—oco, 00) because if C122+Coz? is a general solution
on the interval (—oo, 00) we should be able to find constants C7 and C5 such that

23 4 |23 = Cra? + Cox® Va € (—o0,00), (1)
which is not possible. Because if we take x = 1 in equation (1), we get C1 + Cy = 2. Taking
x = —1 in equation (1), we get C1 — Cy = 0. Solving these two for C; and Cy, we get
C1=0Cy =1, ie.,

3 2

23423 =22+ 2® Va e (—oo0,00) = |28 = 2% Ve (—o0,00),

which is not possible. Similarly we can show that ¢; 23 +co|23| cannot be a general solution.

2) Use reduction of order method to find the second linearly independent solution of the following
differential equations

(a) (gv—l)d$2 xdm +y=0; yi(zx)=uz.
Solution: Let y2(x) = y1(z)v(z) is the second linearly independent solution for a suitable
function v(z). Then y;(x) = = implies

dys dv d?ysy d*v dv
=W =T+ VD o =T + 2.
e v dz? ~ Vda? * dx
Substituting the expressions for yg, 2 and @ ‘1’22 into the given ODE, we get
d? d d
(x—1) <xd;2}+2di> —x (xclj;%—v) +vr =0
d*v 9
:>x(x—1)d 5 {2z —-1) - }

dv d>v  dw

Taking — =w = — = —.

B T T W T

Using this we get a first order ODE

2@ -1 @ —1) = 22w =0

dx
oy 2
T LS P
w x(x—1)
d—w—i— d 1 dr —dx =0
w x—l

On integrating,

ew(a:—l).

Injw|+2Injz| —Injz —1| -z =In|¢] = forc=1,w = 5
x



(b)

()

/dv—/(—)dw = v:e——i-cl,
x

where ¢; is an arbitrary constant. Thus for ¢; = 0,

Y2 = vz = €”,

is a second linearly independent solution. The general solution is
y(x) = Ax + Be”,

where A and B are two arbitrary constants.
xggy (2a — 1)x dy+a y=0;a#0,2>0, y(x)=az"

Solution: Proceed like in part (a). Second solution is yo = z®log .

z? j;; xdw +2y=0; y(z)=axsin(logz).
Solution: Proceed like in part (a). Second solution is y = —x cos(log z).

3) Find the second order differential equation corresponding to given linearly independent solutions

(a)

Y1 = CcOS 27x, Yo = sin 27x.
Solution: The general solution is

y(z) = c1y1 + coy2 = 1 co8 2w + co 8in 27

Clearly the roots of auxiliary equation (A. E.) of the given differential equation are imagi-
nary, i.e., when m = a % ib, solution is

y = e*(c1 cosbr + casinbx).
On comparing a = 0 and b = 27., i.e., roots are £27i. Therefore the A. E. is
(m — 2mi)(m + 27mi) = 0= m? +47% = 0

Thus, the differential equation is

d2
T +any =
Y = eV o = peVE

Solution: The general solution is

—V2z —V2z _ (c1 + CQQE)@_\/ZT

y(r) = c1y1 + c2y2 = cre + coxe

Clearly the roots of A. E. of differential equation are repeated and here m = —+/2. Therefore
the A. E. is
(m+V2)(m+v2) =0=m?+2V2m+2=0.

Thus, the differential equation is

d?y

d2+2\f + 2y =0.



(0) 1 = el VB — o(1-ivEe,
Solution: )
d*y dy
4) Solve the IVP’s
2
(a) T4 —2% —3y=0; y(-1)=e, y'(-1)=-¢.

Solutlon Auxiliary equation is
m?>—2m—-3=0=(m—-3)(m+1)=0=m=—1, 3.
Thus, the general solution is
y(x) = cre” + cpe®

Now use the initial conditions:
y(=1)=e=cre+ e 3 =,

and
e —e
y'(—1) = 1= Tac + 3cpe™3 = e

: 4 L
Solving for ¢; and ¢y, we get ¢; = % and ¢y = 31%. Hence the solution is

(b) L4 —k2y=0;k£0, y(0)=1,y(0)=1.
Solution: Auxiliary equation is

m?* —k*=0=(m—-k)(m+k)=0=>m=Ek, —k.

Thus, the general solution is
y(z) = c1e + cpe .

Now use the initial conditions:
y0)=1=c+cx=1,
and

y'(0) =1= ke — keg = 1.

Solving for ¢ and ¢y, we get ¢ = % and ¢y = % Hence the solution is

k+1€kx+k_l 7k:p.

y(@) = —p 2% ¢

(c) T4 4 6% 413y =0; y(0) =3,y (0) = —1.
Solutlon Do yourself.

(d) 4+ 6 Y +9y=0; y(0)=2,4'(0)=-3.
Solutlon. Do yourself.



(e) L4 3Ly L uy—0; y(0)=1,(0) = -8, y"(0) = —4.
Solution: Do yourself.

6731

5) Solve the following non-homogeneous differential equation 327% + 6% +9y = 5.
Solution: Here we need to use variation of parameters as method of undetermined coefficients
is not applicable. The complementary function is

Ye = c1e 3 4 core 3T,
_ -3 _ .3
Take y; = e °* and y2 = ze %, then

W (y1,y2) = e %%

This implies that

f(@)ys / e3r  ge—de 1
=— | 5, ——dr=— T gp ==
. /CZO(LU)W(yl,yz) v $3 X e—ﬁx € ZL‘,

f(@)y /6_?“ e 3 1
v2 /ao(az)W(yl,yg) a: 3 x e~ 6z v 212

Thus, the particular solution is

similarly

Yp = V1Y1 + V22 = — X € — —Sre U=

Hence the general solution is

_ _ e
Y=yet+yp=cre > +coxe 3 4 ——



