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1) Prove that the set U = { [ 0 b

] ;a,b € R }, is a subspace of the vector space Mayxo(R) of

2 x 2 matrices.
Solution: We have to show that U contains zero matrix, U is closed under addition and under

scalar multiplication. Consider the following two arbitrary elements of U: u = [ 8 2 ] andv =

z 0
[O y]Weget

utv— a 0 n z 0| |a+=x 0
10 0 y | 0 b+y |
Observe that u + v is a 2 x 2 diagonal matrix, and it thus an element of U. U is closed under

addition. Let ¢ € R, we get
_ a 0| |ca O
S VR e R

Observe that cu is a 2 x 2 diagonal matrix, and it thus an element of U. U is closed under scalar
multiplication. Thus, U is a subspace of Msys. It is a vector space of matrices.

2) Which of the following sets of vectors @ = (1, 22, 3)" in R? are subspaces of R3?

)
)
(c) All  such that zo = 22,
) All z such that zqx9 = 0,
) All = such that z is rational,

f) All z such that 22 + 23 + 23 < 1.
Solution:

(a) False. It is not closed with respect to scalar multiplication. For example, for any = =
(1,19, 23)" with 1 > 0, —1 -2 = (—w1, —x9, —x3)" does not belong to the set. Take
r = (1,1,1)* from the set, for scalar « = —1, az = —1(1,1,1) = (=1,—1,—1)* does not
belong to the set.

(b) True. Use the definition.

(c) False. It is not closed with respect to vector addition. For example, x = (1,1, 1) belongs
to the set but z 4+ « does not.

(d) False. It is not closed with respect to vector addition. For example, x = (1,0,1) and
y = (0,1,1) belong to the set but x + y does not.

(e) False. It is not closed with respect to scalar multiplication. For example, z = (1,2,3)!

belongs to the set but 5.2 = (§,, 37”)75 does not, because 7 is a irrational number.



(f) False. It is not closed with respect to scalar multiplication. For example, x = (%,0,0)t
belongs to the set but 5z does not.

3) Express v = [ 2 -5 3 ]t in a linear combination of u; = [ 1 -3 2 ]t,u2 = [ 2 —4 1 ]t,
andugz[l -5 7]t.
Solution: We need to find ¢1, co, c3 € R such that

2 1 2 1

-5 = -3 | +co| =4 | +c3| =5

3 2 1 7
This leads to system of equations

c1+ 2co+c3=2,—3c; —4cyg — dcy = —5,2¢1 + ¢co + Teg = 3.

On solving these equations we get, ¢; = %, cy = %, c3 = i. Thus

2 1 2 1
1 3

-5 =1 -3 +Z —4 | +-| -5

3 2 1 7
4) Express M = T as a linear combination of A, B, C' where A = b , B= 12 ,
709 11 3 4

1 1
andC’—{4 5 |

Solution: Proceed like in above problem to get M = 2A + 3B — C.

5) Show that the vectors v; = [ 111 ]t,vgz [ 12 3 ]t,’l)gz [ 1 5 8 ]t span R>.
xy
Solution: Let x = | x5 | be any element of R3. Then x € span(vy,vov3) if there exist
x3
a, 8,7 € R such that x = avy + SBvg + s, that is,

1 1 1 1
all|+8]2 |+ 5= 22 |,
1 3 8 I3
or equivalently,
1 1 1 « T
1 2 5 B | =] x
1 3 8 vy T3

The above system is uniquely solvable (check this?). Since the above system is solvable for any
x1, T2, x3, we have that any element of R? can be written as a linear combination of v, vy and vs.
Thus R? C span(v, v2,v3). But we know that span(vy,ve,v3) is a subspace of R?, that means
span (v, v2,v3) € R3. Thus span(vy,vo,v3) = R5.



6) Determine whether or not the matrices v; and vy are linearly dependent where vy = { ; g :;1 }
0d vy — —4 —-12 16
MER= 90 0 4

9)

Solution: Find cq1,co € R such that
13 4] —4 -12 161 [0 0 0
Ul 0 =117 20 0 4] 000

N c1 — 4ey 3c1 —12¢9  —4cq + 16¢9 . 0 0 O
5c1 — 20c¢y 0 —c1 + 4eg 10 00

= C] — 462 = 0, 301 - 1262 == 0, —461 + 1602 == O, 501 - 2002 == 0, —C1 + 402 =0.

This system of equations has infinitely many solutions ¢; = 4k, co = k, where k € R. Take
k=1, then C; =4, and co = 1, we see

4 1 3 —4 1 -4 =12 16 | [0 0 O
5 0 —1 -20 0 4| |0 0O
Thus v1; and vy are linearly dependent.

Determine whether the set {[1,2,0]*,[0,1, —1]%,[1,1,2]'} is linearly independent in R?.
Solution: For ci, co, c3 € R, we examine the identity

1 0 1 0
cal 2 4+e 1 +c3 | 1 =10
0 -1 2 0

The identity leads to the following system of linear equations:
c1+c3=0,2c1 +ca+c3=0,—ca2+2c3 =0.
This system has unique solution ¢; = co = ¢3 = 0. Thus the set is linearly independent.

Show that the vectors v; = [ 1+ 2 ]t and vy = [ 1 144 ]t, in C? are linearly dependent
over the field C but linearly independent over the field R.

Solution: v; and vy are linearly dependent over C because v1 — (1 + ¢)ve = 0. But v; and vy
are linearly independent over R, because for any «, 8 € R such that

o= 5 1[5+ 2]

This implies & = 0 and 8 = 0. Thus «, 8 € R such that av; + fves = 0 implies that a = 0 and
B = 0. Therefore by definition v; and vy are linearly independent.

Determine whether or not each of the following forms a basis of R? :

@wou=[123]wm=[135]m=[101]u=[230].
Solution: No. The dimension of R? is 3. Any set of vectors more than 3 vectors in R is
linearly dependent. These four vectors are linearly dependent (check). These vectors do
not form a basis of R?.



(b)

v=[11 1] m=[12 3] u=[2 -1 1]".

Solution: Check that these vectors are linearly independent in R?. The dimension of R3
is 3. We know that any three linearly independent vectors in R? will form a basis of R3.
So, these vectors form a basis of R3 .

v=[112]m=[12 5] ,03=[5 3 4]".
Solution: No, as these three vectors are linearly dependent. These vectors do not form a
basis of R?.

Show that the set {22 + 1,3z — 1, —4x + 1} is linearly independent in P2(R).
Solution: For ¢y, co, c3 € R, consider the identity

c1(@® 4+ 1)+ 3z — 1) + e3(—4z + 1) = 0.

This gives c12? + (3cg — 4e3)x + (c1 — co + ¢3) = 0. Such a polynomial can only be zero if
each coefficient is zero. Thus we get

c1=0,3co—4c3=0,c1 —co+c3=0.

This system of equations has the unique solution ¢; = ¢2 = ¢3 = 0. Thus polynomials are
linearly independent.

Show that the set {z + 1,2 — 1, —z + 5} is linearly dependent in P;(R).

Solution: For c1,co, c3 € R, consider the identity

cilz+1)+co(x—1)+c3(—x+5)=0.

This gives (c1 + co — ¢3)x + (¢1 — ¢2 + 5eg) = 0. Such a polynomial can only be zero if each
coefficient is zero. Thus we get

c1+co—c3=0,c1—co+bcg =0.

This system has infinitely many solutions, ¢; = —2k,co = 3k,c3 = k, wherek € R. Take
k =1, then
—2(x+1)+3(z—-1)+1(—x+5)=0.

Thus polynomials are linearly dependent.

11) V\/'hatisthespanof[1 0}’[ 0 —1}’[0 0}?

0 0 -1 0 01

Solution:

10 0 -1 0 0
Span—{Agxg—a[O 0}+b[_1 0 ]—Fc{o 1},@,1),061&.}

a

={A= { T _cb ] A= A%a,b,ccR.}

Span is the set of all 2 X 2 symmetric matrices.
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12) Prove that the set V = { f | eEMss3R):a+b+c=0,a+d+g= O} is a vector
g

space of M3x3(R) and find a basis for it and its dimension.

Solution: Use definition (like in problem 1) to show that V' is a subspace of M3y3(R).

Dimension of V is 4.

a b c
For Basis: Let | 0 d f | € V. Thena+b+c=0=a=-b—c,anda+d+g=0=d=
0 0 g
—a — g =0b+ c— g. Thus we have
a b c -b—c b c
0 d f = 0 b+c—g f
0 0 g 0 0 g
-1 1 0 -1 0 1 0 00 0O 0 O
— bl 0 1 0|+¢c|l 0 10l+f]001|4+g]0 =1 0
0 0 O 0 0 O 000 0 0 1
-1 1 0 -1 0 1 0 0 0 0 O
Thus, {[ O 1 O0f,|] 0O 1 O0|,[0 O 1|,]0 —1 0|} spans V and these four
0 0 O 0O 0 O 0 0 0 0 1
matrices are linearly independent (check it).
-1 1 0 -1 0 1 0 0 0 0 0 O
Thus,{| 0 1 O0f,] 0 1 O0|,[0 O 1|, 0 —1 0 |} forms a basis for V.
0 0 0 0 0 0 0 0 0 0 0 1



