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Tutorial Sheet 9 Solution
1) Solve the following exact/reducible to exact ODEs:

(a) 2aye” dx + e dy = 0, y(0) =2;

(b)  cos(z +y)dx + (3y* + 2y + cos(z + y))dy = 0;
(¢) (14 2x)cosydzx + secydy = 0;

(d) 3z’ydr + 423dy = 0.

Solutions:

(a) Comparing given ODE with M (z,y)dx + N(z,y)dy = 0, we get

M(z,y) = 2zye”  and N(z,y) = e
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Clearly given ODE is exact. In order to find a solution of the given ODE, we must find a

function F'(z,y) such that

oF oF
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From the first expression we get,

—:M(x,y):2a:yemz, and — = N(z,y) =¢€* .

2

F(z,y) = / 2uye™ d + ¢(y) = F(z,y) = ye* + o(y).

From the second expression we get,

oF
dy

where ¢q is an arbitrary constant. So,
F(z,y) = yemrz + .
Thus a one-parameter family of solution is given by
F(z,y) = :>yex2 =c1—cy=c

Use initial Condition ,
y0)=2=c=2=y=2e 7.

— = N(z,y) = er +¢'(y) = e = ¢ (y) = 0= ¢(y) = co,



(b) Here,
M(z,y) = cos(z +y) and N(z,y) = 3y* + 2y + cos(z + y).

8—M——sin(ac+ )—a—N
dy Y= "0

Clearly given ODE is exact. In order to find solution of given ODE, we must find function
F(z,y) such that

oF oF
e M(x,y) = cos(z +vy), and o = N(x,y) = 3y + 2y + cos(z + y).

From the first expression we get,

Flz,y) = / cos(z + y)de + $(y) = Fle,y) = sinz + ) + 6(y).

From the second expression we get,
OF
Ay
= &'(y) = 3y> + 2y = (y) = ¥* + v + co,

= N(z,y) = cos(z +9) + ¢'(y) = 3y* + 2y + cos(z + ¥)

where ¢q is an arbitrary constant. So,
F(x,y) =sin(z +y) +y° +y* + co.
Thus a one-parameter family of solution is given by
F(z,y)=c =sin(z+y)+1y> +vP=c1—co=c.

=sin(z+y)+1°+19° =c

M(J?,y) = (1 + 2.7)) COos Yy and N(x’y) =secy

aajy\/[:—(l—}—Q:U)siny and aa—];f:()
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hence given ODE is not exact.

Ny — M, (1+2z)siny siny
M (1+2z)cosy cosy’

0 LE. = [0 — secy,
Multiply given equation by I. F., we get

(1 + 2z)dz + sec? ydy = 0.



Now given ODE is exact. Thus
Fa.y) = [ (L4 20)do 4+ 0(y) = o+ + 6(0)

F
Now ?9@, = N(z,y) = ¢/(y) = sec’y = ¢(y) = tany + co,

where ¢q is an arbitrary constant. So,

F(xay):Cl:>x+$2+tany+00:cl:}tany:_x_l-Q_‘_C'

M(z,y) = 32%y and N(z,y) = 4z>.
oM ON
Ty = 3%2 and % = 12x2
Clearly given ODE is not exact.
Ny — M, 1227 — 32?2
M 322y

3
so I.F. = /eydy =5

Multiply given equation by I. F., we get

)

3
y

3z%ytdx + 423y3dy = 0.
This ODE is exact.

F(z,y) = /3-’7021/46190 +o(y) = F(z,y) = 2°y" + 6(y)

Now OF
a—y = N(z,y) = 4a3y3 + ¢ (y) = 4zy® = P(y) = co,

where ¢q is an arbitrary constant. So,

Flz,y)=c=ayt+co=c1= 23y =c1—co=c

2) Solve the following linear/reducible to linear ODEs:

dx
(b) yPdx + (3zy — 1)dy = 0;

dy 2 0<z<1,
© L= 1), 90) =0, where fo) = { & VST

(d) dy+ (4y — 8y~ 3)azdz = 0.

Solution:



(a)

Given ODE is linear in y. Compare with

dy

%‘*‘P( r)y = Q(x),

we get P(r) = 322 and Q(v) = 22.

I F. = el P@de _ of30%dz _ oa®

Solution is
yx I.F = / ) x I.F)dz + c,

where c is an arbitrary constant.
a3 2 3 a3 1 T
yxe' =[x dr+c=yxe :gxe +c

Now use initial condition

Solution is

5 .3
yla) = e +
This ODE is linear in z. Rewrite as
de 3 1
dy 'y y?

LF. —elp®dy — of jdv _ 3.

Solution is )

1
z Xy = ?y3dy+c:>x><y3:y?+c,

where c is an arbitrary constant.

Here,
IF. = el Pl — ofldv _ oo

Solution is
yx I.F.= /f(x) x [.F.dx + ¢,

where ¢ is an arbitrary constant. f(x) =2 when 0 < x < 1., 1i.e
y.e’ = /26xdaz +e=ylx) =24 ce ™.

Use initial condition
y(0)=0=0=2+c=c=—-2.

That is,
y(z) =2(1—e™").



Now for x > 1, f(x) =0, then solution is

y.e® =c1 = y=-ce ",

where ¢; is an arbitrary constant. To determine ¢, use continuity of y(x) at x = 1. i.e.,

lim y(z) = lim y(z) = e =2(1 —e™ ') = c=2(e - 1).
z—1t z—1—

So, y(z) = 2(e — 1)e™™. Hence,

[ 21-e") 0<z<1,
y(w) = { 2(e — e ™™ z>1.

d
el + dzy = 8xy 3
dx

Multiply by 32, we get
d
yg—y + dayt = 8z.

dx
Take,
dy 1dv
4 3
4 v=y dr 4dz
Now transformed ODE is
1dv
Z% + 4oy = 8$
This is linear in v. Solution is
v=2+ce 8 = vt =2+ ce 8%

3) Under what conditions for the constants a, b, k, [, is (az + by)dzx + (kz + ly)dy = 0 exact? Solve
the exact ODE.

Solution: For exactness

OM  ON

For solution of exact DE

2

F(z,y) = /(aw +by)dz + ¢(y) = F(z,y) = % + bay + ¢(y).

Now to determine ¢(y), use

oF 112
87/ = N(z,y) = bz + ¢ (y) = kz + ly = ¢(y) = %—l—co.
2

l2
Thus F(z,y) = ¢1 = %+bazy+iz

9 9 C.

4) Does the IVP (z — 2)% = y; y(2) = 1 have a solution? Justify your answer.
Solution: No solution.



5) Show that existence and uniqueness theorem guarantees the existence of a unique solution of
the IVP-

dy

(a) == =e";y(0)=0.
d
(b) % = "3, y(x0) = yo.
Solutions:

(a) Consider a rectangle R : |z| < a, |y| < b. Clearly the function €Y is continuous in R and
le?¥| < €?* = k in R, so by existence theorem there exists a solution of given IVP in the

interval ) )
|z| < a, where @ = min (a, k) — min (a, ezb) .
Also,
of _ ey _ou2
Ay oy ’

is bounded in R, so by uniqueness theorem, there exists a unique solution of IVP in above
defined interval, |z| < a. where,
J— 3 b
a = min | a, @ .

Consider F(b) = e%b = F'(b) = 1672%1’. The maximum value of F(b) occurs at b = 3 and
F(1/2) = 5. Now if a > F(b), then a = min(a, F(b)) = F(b) < 5 for all b > 0. If

e
1 1 _ 1 1 _ 1 : 1 . 1
a<%:>a<2f€ ].'—"O]:'b—i,(lz%,Gf—2*6’I‘hus,H].anycaseagQ*E,l.e.7 ’.’1}'|§%
(b) Proceed like (

a) part.



